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Meshfree methods are capable of constructing arbitrary order smoothing and 
compatible shape functions only through unstructured nodes and do not reply on 
elements with specific connectivity. During the past two decades, meshfree methods 
have experienced rapid developments and evolutions with many successful applications, 
i.e., crack propagation modeling, plate and shell analysis, large deformation simulation, 
and impact and fragmentation simulation, etc. Although the meshfree shape functions 
do not depend on any element, the rational nature and overlapping supports of shape 
functions pose severe difficulty on the accurate domain integration for Galerkin 
meshfree methods, as necessitates higher order Gauss quadrature rules to achieve 
satisfactory numerical results. A direct consequence induced by higher order Gauss 
integration is the low computational efficiency that prevents the applications of 
Galerkin meshfree methods to large scale practical problems. Thus the development of 
efficient integration algorithms has been a major concern for Galerkin meshfree 
methods. It is noted that the currently widely used stabilized conforming nodal 
integration approach has gained significant acceleration of computational efficiency, 
while this method only meets the linear exactness condition. 
In this thesis, a stable and efficient nesting sub-domain gradient smoothing 
integration algorithm is proposed for Galerkin meshfree methods with particular 
reference to the quadratic exactness. The proposed algorithm is consistently built upon 
the smoothed gradients of meshfree shape functions defined on two-level nesting 
triangular sub-domains, where each integration cell consists of four equal-area nesting 
sub-domains. Firstly, a rational measure is devised to evaluate the error of the gradient 
smoothing integration for the stiffness matrix. It is shown that the stabilized conforming 
nodal integration is exact for a linear field and has a second order error for a quadratic 
field. Thereafter through a detailed analysis of the gradient smoothing integration errors 
associated with the two-level nesting triangular sub-domains, a quadratically exact 
algorithm for the stiffness matrix integration is established through optimally 
combining the contributions from the two-level nesting sub-domains. Moreover, the 
integration of force terms consistent with the stiffness integration is presented in order 
















approach with quadratic exactness shares the same foundation as the well-established 
stabilized conforming nodal integration method with linear exactness, i.e., the 
smoothed derivatives of meshfree shape functions are directly built upon the values of 
meshfree shape functions on the boundary of the integration cells and the time 
consuming derivative computations are completely avoided. Thus both accuracy and 
efficiency are achieved by the proposed methodology. The efficacy of the present 
nesting sub-domain gradient smoothing integration algorithm is thoroughly 
demonstrated by a series of benchmark potential and elasticity problems. 
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